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Motivation

I- Beam-energy dependence for a given collision system:

Initial-state 𝜀" is approximately 
energy independent

Viscous attenuation (∝ $
%
(𝑇)) is 

beam energy dependent

Iu. A. Karpenko, et al.
PRC 91, 064901 (2015)
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Ø Higher-order flow harmonics are sensitive probes for $
%
(𝑇) due to the enhanced viscous response 

Ø These flow harmonics (𝑣*+,,.) have multiple contributions:
ü Linear response ∝ 𝜀*
ü Mode-coupled non-linear response ∝ 𝜀"𝜀/(𝑚 = 2,3) and Event-plane (E-P) correlations

Ø These flow harmonics (𝑣*+,,.) can constrain $
%
(𝑇) and differentiate between initial state models



II- Collision systems dependence at a given beam energy:

The initial-state 𝜖5 and 𝜖.
are system independent

Au + Au U + U Cu + Au

Ø The focus of this work:
ü Separate and study the linear and mode-coupled contributions 
ü Study the nature of the eccentricity coupling and the E-P correlations

B. Schenke, et al.
PRC 89, 064908 (2014)

Motivation
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FIG. 7. (Color online) Comparison of ε2 for random U + U col-
lisions from different models. The MC-KLN result is from Ref. [17].

include side-side events that give rise to large values of ε2 (see
Fig. 5). For the highest multiplicity, this difference amounts to a
factor of approximately 1.5. The multiplicity and the centrality
dependence of ε2 is flatter for random U + U collisions than
tip-tip U + U collisions above Nch ! 700. The shape of the
tip-tip U + U curve is very similar to that of the Au + Au
curve except for an overall shift because of the larger number
of nucleons in the uranium nucleus. The values of ε2 merge
for Au + Au and U + U collisions towards peripheral bins.

ε2 shows a significant difference in terms of both magnitude
and the trend with Nch in case of Cu + Au collisions. At low
Nch the value of ε2 in Cu + Au is comparable to other systems.
However, it falls off much faster with Nch.

In Fig. 7 we compare the ellipticity in random U + U
collisions from different models. The MC-Glauber result
is obtained using the model described in Sec. II B. Here,
the ellipticity is computed by averaging over all participant
nucleon positions defined by the nucleon centers. The MC-
KLN model calculation is taken from Ref. [17]. The MC-KLN
model produces the largest ε2 over a wide range of Npart. The
MC-Glauber ε2 increases rapidly at low Npart to reach the
limiting value of ε2 = 1 at Npart = 2.

The triangularity ε3 for different collision systems is shown
as a function of Nch in Fig. 8. ε3 values for all systems coincide
over the entire range of Nch which is a striking reflection of the
fact that ε3 is sensitive only to fluctuations, not to the details
of the average geometries. A similar behavior of ε3 was also
seen in the AMPT model calculations of [25,37].

Higher order moments of eccentricities as functions of Nch
are shown in Fig. 9. ε4 for U + U and Au + Au nearly coincide
over the entire range of Nch. For Cu + Au ε4 is slightly lower.
The system size and shape dependence of ε4 in different
systems was also compared in Ref. [40]. As for ε3, the Nch
dependence of ε5 is very similar in all systems.

D. Event-by-event fluctuations of ellipticities

Event-by-event fluctuations of ellipticities are sensitive to
the details of initial-state fluctuations and provide a good
estimate of v2 fluctuations [41,42]. Our computations in
Refs. [43,44] demonstrated that the distributions of scaled

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  200  400  600  800  1000

ε 3

Nch

 Au+Au 200 GeV
 U+U (Min-bias) 193 GeV
 U+U (Tip-Tip) 193 GeV
 Cu+Au 200 GeV

IP-Glasma

FIG. 8. (Color online) Variation of the initial triangularity with
produced charged particle multiplicity for different collision systems.

eccentricities εn/⟨εn⟩ using the IP-Glasma model provide a
very good description of the experimental vn/⟨vn⟩ distributions
measured by the ATLAS collaboration [45]. In [41] we
extended the calculations to 10 centrality bins in the range
of 0%–50% and obtained good agreement with ATLAS data
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panel) and ε5 (lower panel) for different systems plotted as a function
of produced charged particle multiplicity.
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include side-side events that give rise to large values of ε2 (see
Fig. 5). For the highest multiplicity, this difference amounts to a
factor of approximately 1.5. The multiplicity and the centrality
dependence of ε2 is flatter for random U + U collisions than
tip-tip U + U collisions above Nch ! 700. The shape of the
tip-tip U + U curve is very similar to that of the Au + Au
curve except for an overall shift because of the larger number
of nucleons in the uranium nucleus. The values of ε2 merge
for Au + Au and U + U collisions towards peripheral bins.

ε2 shows a significant difference in terms of both magnitude
and the trend with Nch in case of Cu + Au collisions. At low
Nch the value of ε2 in Cu + Au is comparable to other systems.
However, it falls off much faster with Nch.

In Fig. 7 we compare the ellipticity in random U + U
collisions from different models. The MC-Glauber result
is obtained using the model described in Sec. II B. Here,
the ellipticity is computed by averaging over all participant
nucleon positions defined by the nucleon centers. The MC-
KLN model calculation is taken from Ref. [17]. The MC-KLN
model produces the largest ε2 over a wide range of Npart. The
MC-Glauber ε2 increases rapidly at low Npart to reach the
limiting value of ε2 = 1 at Npart = 2.

The triangularity ε3 for different collision systems is shown
as a function of Nch in Fig. 8. ε3 values for all systems coincide
over the entire range of Nch which is a striking reflection of the
fact that ε3 is sensitive only to fluctuations, not to the details
of the average geometries. A similar behavior of ε3 was also
seen in the AMPT model calculations of [25,37].

Higher order moments of eccentricities as functions of Nch
are shown in Fig. 9. ε4 for U + U and Au + Au nearly coincide
over the entire range of Nch. For Cu + Au ε4 is slightly lower.
The system size and shape dependence of ε4 in different
systems was also compared in Ref. [40]. As for ε3, the Nch
dependence of ε5 is very similar in all systems.

D. Event-by-event fluctuations of ellipticities

Event-by-event fluctuations of ellipticities are sensitive to
the details of initial-state fluctuations and provide a good
estimate of v2 fluctuations [41,42]. Our computations in
Refs. [43,44] demonstrated that the distributions of scaled
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eccentricities εn/⟨εn⟩ using the IP-Glasma model provide a
very good description of the experimental vn/⟨vn⟩ distributions
measured by the ATLAS collaboration [45]. In [41] we
extended the calculations to 10 centrality bins in the range
of 0%–50% and obtained good agreement with ATLAS data
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FIG. 4. (Color online) Energy density (in arbitrary units, increas-
ing density from blue to red) distribution averaged over 1000
IP-Glasma events in the transverse plane at the initial time for
Au + Au (upper panel) and Cu + Au (lower panel) collisions at the
zero impact parameter.

collisions is shown for comparison, as is the spatial distribution
of energy density in a single event.

C. Eccentricities

The nth order spatial eccentricity that characterizes the
initial-state geometry is defined as

εn =
!

⟨rn cos(nφ)⟩2 + ⟨rn sin(nφ)⟩2

⟨rn⟩
. (3)

Here ⟨·⟩ is the energy density ϵ(r,φ,τ ) weighted average. To
eliminate noise in the computation of eccentricities, we only
include cells in which the energy density is greater than ϵmin =
%4

QCD, where %QCD is chosen to be 200 MeV. The effect of
the variation of ϵmin was previously studied in Ref. [39]. The
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FIG. 6. (Color online) Multiplicity (a) and Npart (b) dependence
of the initial ellipticity for different systems.

system size calculated was found to be sensitive to the choice
of ϵmin. However, we find that variation of ϵmin has only a
negligible effect on the εn we compute here, because they are
ratios of quantities proportional to the system size. We show
results for eccentricities evaluated at the initial time after the
collision.

The multiplicity and the centrality dependence of the initial
ellipticity ε2 are shown in Fig. 6. Results for ε2 as a function
of Npart show a very similar behavior to those presented as
a function of Nch for all systems. ε2 is larger for random
U + U collisions than tip-tip configurations because the former

FIG. 5. (Color online) Distribution of energy density (in arbitrary units, increasing density from blue to red) in the transverse plane at the
initial time averaged over 1000 IP-Glasma events for different configurations of U + U collisions at b= 0. From left to right distributions are
shown for tip-tip, side-side, and random configurations of U + U collisions. The rightmost panel shows a random single event distribution from
the IP-Glasma model.
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include side-side events that give rise to large values of ε2 (see
Fig. 5). For the highest multiplicity, this difference amounts to a
factor of approximately 1.5. The multiplicity and the centrality
dependence of ε2 is flatter for random U + U collisions than
tip-tip U + U collisions above Nch ! 700. The shape of the
tip-tip U + U curve is very similar to that of the Au + Au
curve except for an overall shift because of the larger number
of nucleons in the uranium nucleus. The values of ε2 merge
for Au + Au and U + U collisions towards peripheral bins.

ε2 shows a significant difference in terms of both magnitude
and the trend with Nch in case of Cu + Au collisions. At low
Nch the value of ε2 in Cu + Au is comparable to other systems.
However, it falls off much faster with Nch.

In Fig. 7 we compare the ellipticity in random U + U
collisions from different models. The MC-Glauber result
is obtained using the model described in Sec. II B. Here,
the ellipticity is computed by averaging over all participant
nucleon positions defined by the nucleon centers. The MC-
KLN model calculation is taken from Ref. [17]. The MC-KLN
model produces the largest ε2 over a wide range of Npart. The
MC-Glauber ε2 increases rapidly at low Npart to reach the
limiting value of ε2 = 1 at Npart = 2.

The triangularity ε3 for different collision systems is shown
as a function of Nch in Fig. 8. ε3 values for all systems coincide
over the entire range of Nch which is a striking reflection of the
fact that ε3 is sensitive only to fluctuations, not to the details
of the average geometries. A similar behavior of ε3 was also
seen in the AMPT model calculations of [25,37].

Higher order moments of eccentricities as functions of Nch
are shown in Fig. 9. ε4 for U + U and Au + Au nearly coincide
over the entire range of Nch. For Cu + Au ε4 is slightly lower.
The system size and shape dependence of ε4 in different
systems was also compared in Ref. [40]. As for ε3, the Nch
dependence of ε5 is very similar in all systems.

D. Event-by-event fluctuations of ellipticities

Event-by-event fluctuations of ellipticities are sensitive to
the details of initial-state fluctuations and provide a good
estimate of v2 fluctuations [41,42]. Our computations in
Refs. [43,44] demonstrated that the distributions of scaled
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eccentricities εn/⟨εn⟩ using the IP-Glasma model provide a
very good description of the experimental vn/⟨vn⟩ distributions
measured by the ATLAS collaboration [45]. In [41] we
extended the calculations to 10 centrality bins in the range
of 0%–50% and obtained good agreement with ATLAS data
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The initial-state 𝜖" and 𝜖,
are system dependent

Ø Higher-order flow harmonics are sensitive probes for $
%
(𝑇) due to the enhanced viscous response 

Ø These flow harmonics (𝑣*+,,.) have multiple contributions:
ü Linear response ∝ 𝜀*
ü Mode-coupled non-linear response ∝ 𝜀"𝜀/(𝑚 = 2,3) and Event-plane (E-P) correlations

Ø These flow harmonics (𝑣*+,,.) can constrain $
%
(𝑇) and differentiate between initial state models



Ø The two- and three-particle correlations:

A B
|∆𝜂| > 0.7

𝜂

Ø 𝑣EF"GH*IJK*LMN carry information about:
ü Viscous effects, E-P angular correlations and eccentricity coupling

Ø E-P angular correlations

Weak viscous effect expected

Ø Eccentricity coupling

Ø The linear and non-linear 𝑣E:

ρ*F","E =
𝑣EF"PQE RSETUV

𝑣EF"WEXYZ%S[T

~ cos((𝑛 + 2)ΨEF" − 2Ψ" − 𝑛ΨE)

χ*F","E =
𝑣EF"PQE RSETUV

𝑣""𝑣E"

Analysis Method

Niseem Magdy 5

Assume the orthogonality between 
linear and non-linear contributions𝑣EF"PQE RSETUV =

𝐶EF","E
𝑣""𝑣E"

~ 𝑣EF" cos((𝑛 + 2)ΨEF" − 2Ψ" − 𝑛ΨE) 𝑣EF"RSETUV = 𝑣EF"WEXYZ%S[T "
− 𝑣EF"PQE RSETUV "

𝑣eWEXYZ%S[T = cos 𝑚𝜑gh − 𝑚𝜑"i
g/"

𝐶EF","E = cos((𝑛 + 2)𝜑gh − 2𝜑"i − 𝑛𝜑5i)
(n= 2,3)

J. Jia, M. Zhou, A. Trzupek, 
PRC 96 034906 (2017)

(m= 2,3,4,5)



Ø Data set:
ü Au +Au BES 𝑠PP = 27 − 200 GeV
ü U+U ( 𝑠PP = 193 GeV) and 

Cu+Au, Au+Au ( 𝑠PP = 200 GeV)

Ø Time Projection Chamber
Tracking of charged particles with:
ü Full azimuthal coverage
ü |𝜂| < 1 coverage

Experimental Setup and Data Analysis

Niseem Magdy 6

Ø In this analysis, we used tracks 
with : 0.2 < 𝑝r < 4 GeV/c The STAR experiment at RHIC



Three-particle correlations C,,"" and C.,"5 for Au+Au collisions at 𝑠PP = 200 GeV 

Ø Two-subevents reduce the short-range non-flow effect on the three-particle correlations

𝐶,,"" = cos(4𝜑gh − 2𝜑"i − 2𝜑5i)

Results
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A B
∆𝜂 > 0.7

𝜂



Three-particle correlations C,,"" and C.,"5 with different hydrodynamic simulations

Both models fit the single 𝑣E, therefore we need additional constraints in order to describe the data

Ø (1) P. Alba, et al.  PRC 98 , 034909 (2018)

Ø (2) B.Schenke, C.Shen, and P.Tribedy
PRC 99, 044908 (2019)

where n = 2 and/or 3.93

The approximation is correct if the correlation between lower vn (n = 2, 3) and higher (n > 3)94

flow coefficients is weak. Then we can define the linear terms of the higher order anisotropic95

flow, vk=4,5, as:96

vLinear
k =

!
(vInclusive

k ) 2 − (vNon−Linear
k ) 2, (11)97

The ratio of vNon−Linear
k to vInclusive

k , expressed as ρk,2n, can be calculated as:98

ρk,2n =
vNon−Linear

k

vInclusive
k

= ⟨cos(kΨk − 2Ψ2 − nΨn)⟩, (12)99

The ρk,2n Eq.(12) measure the correlations between different order flow symmetry planes.100

Also the non-linear mode coefficients χk,2n in Eqs. (7 and 8) which quantify the contributions of101

the non-linear mode to the the higher order anisotropic flow harmonics, vk=4,5, are defined as:102

χk,2n =
vNon−Linear

k!
⟨v2

2 v2
n⟩

(13)103

All of the introduced observables are based on the standard and/or subevent two- and multi-104

particle cumulant technique introduced in Ref. [41]. In equation 13 and for the differential χ5,23105

these analyses further make the approximation
!
⟨v2

2v2
3⟩ ∼ v2v3, which is valid if the magnitudes106

of v2 and v3 are uncorrelated.107

3. Results and discussion108

In A + A collisions, the short-range non-flow correlations have a significant contribution to109

the measured three-particle correlations Cn+m,n,m. Such an effect could be reduced by using the110

subevent cumulants method [41].111

Figure. 1 compares the C2+n,2,n (n = 2 and 3) values obtained from the standard and two-112

subevent cumulants methods for Au+Au collisions at
√

sNN = 200 GeV. The measured three-113

particle correlations show larger values for the results extracted via the standard cumulants114

method which confirm the expectation that the standard method has more short-range non-flow115

contributions. The three-particle correlations are also compared with different hydrodynamic116

simulations [43, 44] summarized in Tab. 1. However, both models agree well with the measured117

vn{2} they need additional constraints to describe the C2+n,2,n (n = 2 and 3).

Hydro−1 [43] Hydro−2a/b [44]
η/s 0.05 0.12

Initial conditions TRENTO Initial conditions IP-Glasma Initial conditions
Contributions Hydro only (a) Hydro + Hadronic cascade

(b) Hydro only

Tab. 1: Summary discripution of the hydrodynamic simulations, Hydro−1 [43], and Hydro−2a/b [44].

118

4
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Ø The linear 𝑣w (k=4,5) terms dominate in 
central collisions, while the non-linear 
terms take over or are comparable in 
peripheral collisions

Results
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Mode-coupling coefficient 𝜒w,*/ and the E-P angular correlation ρw,*/

Ø 𝜒w,*/ shows a weak centrality dependence
Ø ρw,*/ shows a strong centrality dependence

Results
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Ø ρ,,"" and 𝜒,,"" show a weak p{ dependence

where n = 2 and/or 3.93

The approximation is correct if the correlation between lower vn (n = 2, 3) and higher (n > 3)94

flow coefficients is weak. Then we can define the linear terms of the higher order anisotropic95

flow, vk=4,5, as:96

vLinear
k =

!
(vInclusive

k ) 2 − (vNon−Linear
k ) 2, (11)97

The ratio of vNon−Linear
k to vInclusive

k , expressed as ρk,2n, can be calculated as:98

ρk,2n =
vNon−Linear

k

vInclusive
k

= ⟨cos(kΨk − 2Ψ2 − nΨn)⟩, (12)99

The ρk,2n Eq.(12) measure the correlations between different order flow symmetry planes.100

Also the non-linear mode coefficients χk,2n in Eqs. (7 and 8) which quantify the contributions of101

the non-linear mode to the the higher order anisotropic flow harmonics, vk=4,5, are defined as:102

χk,2n =
vNon−Linear

k!
⟨v2

2 v2
n⟩

(13)103

All of the introduced observables are based on the standard and/or subevent two- and multi-104

particle cumulant technique introduced in Ref. [41]. In equation 13 and for the differential χ5,23105

these analyses further make the approximation
!
⟨v2

2v2
3⟩ ∼ v2v3, which is valid if the magnitudes106

of v2 and v3 are uncorrelated.107

3. Results and discussion108

In A + A collisions, the short-range non-flow correlations have a significant contribution to109

the measured three-particle correlations Cn+m,n,m. Such an effect could be reduced by using the110

subevent cumulants method [41].111

Figure. 1 compares the C2+n,2,n (n = 2 and 3) values obtained from the standard and two-112

subevent cumulants methods for Au+Au collisions at
√

sNN = 200 GeV. The measured three-113

particle correlations show larger values for the results extracted via the standard cumulants114

method which confirm the expectation that the standard method has more short-range non-flow115

contributions. The three-particle correlations are also compared with different hydrodynamic116

simulations [43, 44] summarized in Tab. 1. However, both models agree well with the measured117

vn{2} they need additional constraints to describe the C2+n,2,n (n = 2 and 3).

Hydro−1 [43] Hydro−2a/b [44]
η/s 0.05 0.12

Initial conditions TRENTO Initial conditions IP-Glasma Initial conditions
Contributions Hydro only (a) Hydro + Hadronic cascade

(b) Hydro only

Tab. 1: Summary discripution of the hydrodynamic simulations, Hydro−1 [43], and Hydro−2a/b [44].

118

4

(1) P. Alba, et al. 
PRC 98 , 034909 (2018)

(2) B.Schenke , et al. 
PRC 99, 044908 (2019)
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The influence from final-state is less than the one from initial-state ?



Linear and non-linear flow 𝑣, decomposition with different beam energies and colliding systems

Ø The linear terms dominates 
the central collisions 

Ø The inclusive, linear and 
non-linear 𝑣, show strong 
beam-energy dependence

[1] The ALICE collaboration
PLB 773 68-80, (2017)
0.2 < 𝑝r < 5 (GeV/c)
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Possible temperature 
dependence of viscous effects

Ø The inclusive, linear and 
non-linear 𝑣, show weak 
collision-system dependence

cos 4𝜑gh − 4𝜑"i
g/"
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The mode-coupling coefficients 𝜒,,"" and the E-P angular correlations 𝜌,,""

Ø The non-linear mode-coupling coefficients 
𝜒,,"" shows similar values and trends for 
different beam energies and for different 
collision systems, and a weak centrality 
dependence. 

Results
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Ø The E-P angular correlations ρ,,"" shows 
similar values and trends for different beam 
energies and for different collision systems, 
and a strong centrality dependence.  

[1] The ALICE collaboration
PLB 773 68-80, (2017)
0.2 < 𝑝r < 5 (GeV/c)

Dominated by the initial-state effects
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The linear and non-linear contributions to 𝑣, and 𝑣. measurements 
for different collision systems at different beam energies

Conclusion
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Ø For different beam energies and collision systems:
ü The inclusive, linear and non-linear 𝑣, show strong beam energy and weak collision-system dependence
ü The mode-coupling coefficients and the E-P angular correlations show similar values and trends

Ø For Au+Au collisions at 𝑠PP = 200 GeV:
ü Two-subevent method reduces the non-flow 
ü The linear component of 𝑣E (n=4,5) dominates in central collisions
ü The mode-coupling coefficients and the E-P angular correlations show a weak and a strong 

centrality dependences, respectively, and a common weak p{ dependence

The influence from final-state is less than the one from initial-state

These measurements compared to viscous hydrodynamic model calculation will 
provide constraints on the initial conditions and $

%
(𝑇)



Thank You
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The three-particle correlations, C,,"" and C.,"5 for Au+Au collisions at 200, 54, 39, and 27 GeV, 
U+U collisions at 193 GeV and Cu+Au at 200 GeV 

Backup

Niseem Magdy

Ø The three-particle correlations 𝐶,,""
and 𝐶.,"5 show strong beam energy 

dependence
Strong sensitivity to viscous effects

Ø The three-particle correlations 𝐶,,""
shows a collision-system dependence

Ø The three-particle correlations 𝐶,,""
shows a weak collision-system 

dependence
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Backup
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(1) P. Alba, et al.  PRC 98 , 034909 (2018)

(2) B.Schenke , et al.  PRC 99, 044908 (2019)

Ø The model used the impact parameter-
dependent Glasma model to initialize the 
viscous hydrodynamic simulation MUSIC 
and employ the UrQMD transport model for 
the low-temperature region of the collisions. 

Width, height, and position of 
𝜁/𝑠 are free parameters

𝜁/𝑠 peaks at 165 MeV

𝜂/𝑠 = 0.12

Ø The model use event-by-event fluctuating initial conditions generated by the 
TRENTO model with free parameters calibrated to fit experimental observables. 

Ø The model use the smoothed particle hydrodynamics (SPH) Lagrangian code, v-
USPhydro, to solve the viscous hydrodynamic equations taking into account shear 
viscous effects.

Ø The viscosity is determined by fitting 𝑣"{2} and 𝑣5{2} across centrality for 
different equation of state individually.



Centrality
0-20%

Centrality
20-60%

LHC data, CMS-HIN-17-005, (arXiv:1910.08789 )



J. Qian , U. Heinz, R. He and L. Huo, (arXiv:1703.04077 )

Fig. 4 : viscous hydrodynamics with η/s = 0.08 

r422 r532

Hydro  MC-Glauber, τ0 = 0.6 fm/c,
η/s = 0.08, Tdec = 120 MeV 

Fig. 1


