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We study structures on different scales...

”Fifty Abstract Paintings Which as Seen from Two
Yards Change into Three Lenins Masquerading as Chi-
nese and as Seen from Six Yards Appear as the Head of
a Royal Bengal Tiger”, S.Dali, 1963.
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How to use HI to learn about bulk proper-

ties of QCD in the thermal limit ?

Study response of the strongly interacting medium

to the excitation provided by minijet propaga-

tion.

⇒Concept of the measurement: study vari-

ation of correlations with centrality and pt. Use

the bulk of hadrons and large acceptance for

precision studies of correlations as a function

of scale.
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Compression of correlation information...

...reduces dimensionality of representation.
(

x1

x2

)

→
(

xΣ ≡ x1 + x2

x∆ ≡ x1 − x2

)

, (1)

always a lossless transformation of data.

∆R(x1, x2) =
ρsibling(x1, x2)

ρmixed(x1, x2)
− 1 (2)

Autocorrelation A is a projection of a two-
point distribution onto difference variable(s)
x∆, lossless for xΣ-invariant (homogenous,
stationary) problems.

A(x ,y )

x

x

x2

1

y1

y
2 y

∆ ∆ ∆

∆

Joint autocorrelation
compactly conveys
info about 
correlations in
2D space
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Two-particle Correlations on pt
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ρsib/ρmix[X(pt1), X(pt2)]−1, pair-density ratios for all uniden-
tified charged primary particles for (a) central, (b) mid-
central, (c) mid-peripheral, (d) peripheral AuAu colli-
sions at

√
sNN = 130GeV .

X(pt) = 1−exp[−(mt−mπ)/T ] ∈ [0,1[, T = 0.4GeV (3)

Correlation at higher pt is “transported” towards lower
pt with increasing centrality.
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“Soft fit” – Lévy model: partially equilibrated dis-
sipative system where β = 1/T varies according to a
Γ-distribution with mean β0 and variance σ2

β = β2
0/n.

1/pt dN/ dpt ∝ [1 + β0(mt − mπ)/n]−n (4)

Mixed pairs:

ρmix = Lévy(n) × Lévy(n)(mtΣ, mt∆)

∝
(

1 +
β0mtΣ

2n

)−2n[

1 −
( β0mt∆

2n + β0mtΣ

)2]−n
(5)

Sibling pairs:

ρsib = Lévy × Lévy(mtΣ, mt∆, nΣ, n∆)

∝
(

1 +
β0mtΣ

2nΣ

)−2nΣ
[

1 −
( β0mt∆

2n∆ + β0mtΣ

)2]−n∆

(6)

Curvatures at the origin:

∂2

∂m2
t∆

ρsib

ρmix
(mt∆ = 0, mtΣ = 0) ∝ β2

0

( 1

n∆

− 1

n

)

(7)

∂2

∂m2
tΣ

ρsib

ρmix
(mt∆ = 0, mtΣ = 0) ∝ β2

0

( 1

nΣ

− 1

n

)

(8)

Saddle shape:

{ ∂2

∂m2
t∆

ρsib

ρmix
< 0;

∂2

∂m2
tΣ

ρsib

ρmix
> 0

}

⇒ 1/nΣ − 1/n∆ > 0 (9)
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“Soft” and “Hard” Fitting Models

“Soft” (Lévy)
model fit
function to
ρsib/ρmix − 1 is
saddle shaped.

Residuals of the “soft” fit (left panel) are dominated
by the large X(pt) peak ⇒ need another, “hard” fit!
Correlation in transverse rapidity

yt = ln
[

√

1 + (
pt

mπ
)2 +

pt

mπ

]

in pp collisions at
√

s = 200 GeV is gaussian along ytΣ

⇒ use to fit the “hard component” in X(pt) in AuAu.
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Fitting Results to pt Correlations
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Left, 2D residuals
(data−”soft” fit)
projected onto XΣ.
“Hard” fit is shown
as a line.

Right, centrality trends in the
curvature measures. Curves

indicate linear trends on mean
path length ν = (Npart/2)1/3.

∆(1/n)Σ ≡ 1/nΣ−1/n and ∆(1/n)∆ ≡ 1/n∆−1/n mea-
sure curvatures of ∆R along sum and difference vari-
ables at (0,0). ∆(1/n)tot ≡ 1/nΣ −1/n∆ is a measure of
the saddle shape.

Thus, the correlation is decomposed into saddle
shape (dissipation) and hard component (high X(pt)
peak). With centrality, the ”dissipation” grows with a
linear trend on the mean path length.

9



Determination of two-particle correlations

by direct construction of pair ratios
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ρsib/ρmix − 1 as a joint
autocorrelation in η∆

and φ∆ at
√

sNN = 130
GeV. (a) central,
(b) midcentral, (c)
mid-peripheral, (d)
peripheral, (.1) original
data, (.2) data with
azimuthal flow harmon-
ics v1 and v2 subtracted.

The same-side minijet
peak broadens in η∆

from peripheral to cen-
tral events.
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From Scale-dependent Fluctuations to Two-

point correlations:

number fluctuation in a (δη, δφ) bin (O(N))

∆σ2
N = (N − N)2/N − 1 =

∫ δη

0
dη∆

∫ δφ

0
dφ∆K(η∆, φ∆)N

∆A

A
(η∆, φ∆)(10)

and net autocorrelation ∆A = Aobj − Aref

(O(N)).

Standard methodology for ill-posed problems is

used to solve this integral equation. Measure

∆σ2
N(δη, δφ), convert to N ∆A

A
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Scale-dependent fluctuations

σ2
N(δη, δφ) as a function of δη and δφ in

√
sNN AuAu

data.

These distributions measure scale dependence of total
charge fluctuations in bins of scale (bin size) (δη, δφ).
The detailed shapes can be inverted to obtain joint
autocorrelations.
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Autocorrelations from fluctuation inversion

Reconstructed joint autocorrelations in particle num-
ber; AuAu, 200 GeV, for different centrality %.

Flow and same-side minijet peak are seen; with cen-
trality, peak broadens in η∆.
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Discrete Wavelet Transformation analysis

← Discrete wavelet trans-
formation of a photo-
graphic image.
F λ

m,i,j(φ, η)–Haar wavelet
orthonormal basis in
(φ, η) ↓

scale fineness (m), directional modes of sensitivity (λ),
track density ρ(η, φ, pT), locations in 2D (i, j).

Power of local fluctuations, mode λ:

P λ(m) =
1

22m

∑

i,j

〈ρ, F λ
m,i,j〉2 (11)

∝ norm in the DWT subspace

(P λ(m)true − P λ(m)mix)/P λ(m)mix/N (12)

– ”dynamic texture” measure
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Effects of correlations on the DWT mea-

sures:

jets

tr
u

e
/P

m
ix

−1
(

)/
N

p
T

0

0

0

0

a

b

c

d

ηφ φ η

random

v2

HBTP

Dynamic texture response in various idealized situations
(showing only one scale): (a) events of random (un-
correlated) particles (b) pt-independent elliptic flow (c)
Correlations at low Qinv (Bose-Einstein correlations and
Coulomb effect) (d) HIJING jets
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Relating Correlations and Power Spectra:

X(t)

tt
1

t
2

−0.4

−0.2

0.2

0.4

0.6

0.8

1

−2 −1 1 2

τ

W

• Wiener-Khinchin theorem relates
autocorrelation A(τ) with the local
fluctuation power spectrum P (ω) via
Fourier transform F.

A(τ) =

∫ ∞

−∞
X(t)X(t + τ) dt

= Fω→τ(P (ω)), (13)

P (ω)
O(N)

=
→

Fτ→ω(A(τ))
O(N2)

(14)

where τ = t2−t1, and X(t) is “homo-
geneous random field”. Prefer O(N)
for initial data processing for CPU
reasons.

• In the discrete wavelet basis, the
integral equation 14 looks different:

P (m) =
∫ ∞

−∞
X(τ/2)X(−τ/2)W (τ, m) dτ,(15)

where W is the weight function for
the Haar wavelet.
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Dynamic Texture in Peripheral Events
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Peripheral (mult/n0 < 0.1) events: •, STAR data for√
SNN = 200 GeV; solid line, HIJING @ same energy.

Qualitative trends in peripheral data are as expected.
What signal to expect in the central data, if correlation
does not change ?

(Ptrue

Pmix
− 1

) 1

N

∣

∣

∣

central
=

(Ptrue

Pmix
− 1

)∣

∣

∣

peripheral

1

Ncentral

(16)

17



Dynamic Texture in Central Events
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•, STAR central (0.6 < mult/n0 < 1.1) events,
√

SNN =
200 GeV; ¤, STAR, scaled peripheral; solid line, regular
HIJING; dashed line, HIJING+jet quenching.

We are observing a modification of the minijet struc-
ture predominantly in the longitudinal, η direction.
Longitudinal expansion of the hot and dense medium
formed early in the collision makes this direction spe-
cial and is likely to be part of the modification mech-
anism.
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Scale dependence of the dynamic texture
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...in peripheral and central events for 1.1 < pT < 1.5
GeV. •, STAR; solid line, HIJING; dashed line, HIJING
with quenching. An estimate of a systematic error due
to track merging is shown as a hatched area.

Thermalization, while affecting the correlations (more
than HIJING predicts), does not result in a correlation-
free system in central events, at least as seen by mea-
suring final state hadrons.
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Summary:

• Large multiplicities of hadrons in the STAR

acceptance enable precision studies of the

event correlation structure.

• Our observations are consistent with an

emerging picture: minijets from initial state

scattering are modified by longitudinally ex-

panding colored medium.

• These measurments of the effect of the

medium on the parton fragmentation and

hadronization provide quantitative informa-

tion about the medium and nonperturba-

tive QCD.
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